Several isomorphism classes of graph coverings of a graph G have been enumerated by many authors. Kwak and Lee (Canad. J. Math. XLII (1990) 747) enumerated the isomorphism classes of graph bundles and those of n-fold coverings with respect to a group of automorphisms of the base graph G which ÿx a spanning tree. Hofmeister (Discrete Math. 98 (1991) 175) independently enumerated the isomorphism classes of n-fold graph coverings with respect to the trivial automorphism group of a base graph G. Also, the isomorphism classes of several kinds of graph coverings of a graph G have been enumerated by Hong et al. (Discrete Math. 148 (1996) 85), Hofmeister (Discrete Math. 143 (1995) 87; SIAM J. Discrete Math. 11 (1998) 286), Kwak et al. (SIAM J. Discrete Math. 11 (1998) 273), Kwak and Lee (J. Graph Theory 23 (1996) 105) and some others. In this paper, we aim to enumerate the isomorphism classes of circulant double coverings of a connected circulant graph. The result of our study shows that no double coverings of a circulant graph of valency 3 are circulant. We also enumerate the isomorphism classes of circulant double coverings of a certain type, called a typical covering.
Introduction
Throughout this paper, graphs are ÿnite, undirected, simple and connected. For the terminology in this paper, we refer the reader to [4, 9] . Let G be a graph with vertex set V (G) and edge set E(G). The neighbourhood of a vertex v ∈ V (G), denoted by N (v), is the set of vertices adjacent to v. An automorphism of G is a permutation of the vertex set V (G) that preserves adjacency. The set of automorphisms forms a permutation group, called the automorphism group Aut(G) of G. A graph G is vertex-transitive if Aut(G) acts transitively on the vertex set V (G).
Let A be a ÿnite group and let X be a subset of A such that X = X −1 (called symmetric) and 1 ∈ X . The Cayley graph G = Cay(A; X ) on A relative to X is the graph having the vertex set V (G)=A and the edge set E(G)={{g; gx} | g ∈ A; x ∈ X }. It is well known that (1) Aut(G) contains the left regular representation L(A) of A; and so G is vertex-transitive; and that (2) G is connected if and only if X generates the group A. The elements of X are called the connectors of the graph Cay(A; X ). A circulant graph is a Cayley graph on a cyclic group Z n , so that it is vertex-transitive. Circulant graphs have many useful symmetries and are widely applied as models of telecommunication networks (see [3, 6, 14, 18] ), but there are still unsolved problems related to circulant graphs (for example, see [1, 2] ). It is clear that the circulant graph Cay(Z n ; X ) is of odd valency if and only if n is even and the order 2 element n=2 ∈ Z n is a connector. If a circulant graph Cay(Z n ; X ) is connected with X = {±i 1 ; ±i 2 ; : : : ; ±i k }, then (i 1 ; i 2 ; : : : ; i k ; n) = 1, where (i 1 ; i 2 ; : : : ; i k ; n) denotes the greatest common divisor of i 1 ; i 2 ; : : : ; i k and n. Also, we identify the integers 0; 1; : : : ; n− 1 with their residue classes modulo n.
A graphG is called a covering of G with projection p :G → G if there is a surjection p : V (G) → V (G) such that p| N (ṽ) : N (ṽ) → N (v) is a bijection for all vertices v ∈ V (G) andṽ ∈ p −1 (v) . Sometimes, the projection p :G → G is also called a covering of G, and it is '-fold if p is '-to-one. The ÿbre of an edge or a vertex is its preimage under p. If a covering graphG of G is circulant, thenG is called a circulant covering of G. A covering projection p :G → G is regular if there exists a subgroup B of Aut(G) which acts freely onG; and if there exists an isomorphism i :G=B → G such that i • q B = p, where q B :G →G=B is the quotient map. In this case, the graphG is called a regular covering of the graph G. It is clear that every double covering is regular.
Two coverings, p i :G i → G; i = 1; 2; are said to be isomorphic if there exists a graph isomorphism :G 1 →G 2 such that p 2 • = p 1 . Such a is called a covering isomorphism [10, 15] .
Every edge of a graph G gives rise to a pair of oppositely directed edges. By e −1 = vu, we mean the reverse edge to a directed edge e = uv. We denote the set of directed edges of G by D(G). Let A be a ÿnite group. Following Gross and Tucker [8] , an (ordinary) voltage assignment of G is a function : D(G) → A with the property that (e −1 ) = (e) −1 for each e ∈ D(G). The derived graph G is deÿned as follows: V (G ) = V (G) × A, and for each edge e = uv ∈ D(G) and a ∈ A; let there be an edge (e; a) in D(G ) joining vertices (u; a) and (v; a (e)). The ÿrst coordinate projection p : G → G is a regular covering.
Let C 1 (G; A) denote the set of all voltage assignments : D(G) → A of G. Gross and Tucker [8] showed that every regular '-fold coveringG of a graph G can be derived from a voltage assignment in C 1 (G; A) for some ÿnite group A of order '. A composition of two regular covering projections is not necessarily regular [11] [12] [13] 17] . In most cases, it is di cult to check when such a composition is regular. Since a Cayley graph can be described as a regular covering of a bouquet of circles, a determination whether a regular covering of a bouquet of circles G is a regular covering of G is equivalent to determine whether a regular covering of a Cayley graph is Cayley. This problem can be generalized to ask which regular coverings of a graph G have a property P when the base graph G has the property P. This question has been of special interest for many people. For example, Godsil and Hensel [7] considered P as being distance-regular, and Du et al. [5] considered P as being 2-arc-transitive. Owing to the di culty in dealing with this problem, they restricted the base graph as a complete graph. In this paper, we consider the property P as being circulant.
Clearly, a circulant graph can have a non-circulant covering. For example, for the complete graph K 4 , a voltage assignment : D(K 4 ) → Z 2 having a trivial voltage on all edges except one clearly derives a double covering, which is not vertex-transitive and hence not circulant. In contrast, a non-circulant graph can have a circulant covering as illustrated in Example 1. Then, it is easy to check that is an automorphism of the graphG of order 2. The group = {1; } generated by acts freely onG. Therefore,G is a double covering of the quotient graph G =G= . In the quotient graph G, n and (n) represent the same vertex. Denote by n( (n)) the vertex in G represented by n and by (n). The neighbourhood of the vertex 0( (14)) is K 2 ∪ K 2 . Hence, G is not vertex-transitive, and so not circulant.
In this paper, we aim to enumerate the isomorphism classes of connected circulant regular coverings of a circulant graph. In Section 2, we introduce a covering of a certain type, called a typical covering, of a Cayley graph. In Section 3, we enumerate the isomorphism classes of typical circulant connected double coverings of a circulant graph. In Section 4, it is shown that any double covering of a circulant graph of valency 3 cannot be circulant.
Typical coverings of a Cayley graph
Let 1 → K → A → Q → 1 be a short exact sequence of ÿnite groups with an epimorphism f : A → Q. In the following, we identify the group K with the kernel of the epimorphism f. Choose a symmetric generating set X of the group A with 1 ∈ X; and let Cay(A; X ) be the corresponding Cayley graph. As a subgroup of A, the group K acts freely on the Cayley graph Cay(A; X ) (by left multiplication), and the quotient projection q K : Cay(A; X ) → Cay(A; X )=K is a regular covering with the covering transformation group K. Let Y = f(X ), then Y is a symmetric generating set for the group Q. Furthermore, f induces a covering projection f * : Cay(A; X ) → Cay(Q; Y ). It is clear that the two graph coverings q K : Cay(A; X ) → Cay(A; X )=K and f * : Cay(A; X ) → Cay(Q; Y ) can be identiÿed through a graph isomorphism f # :
is called a typical covering derived from an epimorphism f. Note that its isomorphic copy q K : Cay(A; X ) → Cay(A; X )=K is also said to be typical.
For each x ∈ X , choose an element k x ∈ K, and replace x by xk x and x −1 by k
, respectively, in the set X to form a new symmetric set X . Clearly, f(X ) = Y and f induces another typical covering projection from Cay(A; X ) to Cay(Q; Y ). Note that the Cayley graph Cay(A; X ) may not be connected since the resulting set X may not generate A, as shown in Lemma 9.
In the typical covering f * : Cay(A; X ) → Cay(Q; Y ) derived from an epimorphism f, if there is an x ∈ X ∩ K, then Kax = aKx = aK = Ka for any a ∈ A because K is a normal subgroup of A. Thus, the edge {a; ax} in Cay(A; X ) maps to a loop in Cay(Q; Y ) under the covering projection. Furthermore, if there are two distinct elements x and x in X such that f(x) = f(x ), then it generates a multiple edge in Cay(Q; Y ). Therefore, we assume that X ∩ K = ∅ and f(x) = f(x ) for any x = x in X from now on in order to deal with only simple graphs throughout this paper.
For circulant graphs, each one of valency 2 is a cycle. Hence, every connected double covering of a circulant graph G of valency 2 is typical. In Section 4, it will be shown that any circulant graph of valency 3 has no circulant double covering. So, the ÿrst possible example of a non-typical circulant double covering can happen in the case of valency 4. Then it is easy to see that is an automorphism of the graphG of order 2. The group = {1; } generated by acts freely onG. Therefore,G is a double covering of the quotient graph G =G= . Denote by n( (n)) the vertex in G represented by n and by (n) as in Example 1. Label the vertex 0(3) as 0, 1(4) as 1, 8(11) as 2, 6(9) as 3; 7(11) as 4 and 2(5) as 5. Then, it can be seen that G=Cay(Z 6 ; {±1; ±2}), a circulant graph. ButG is not typical. In fact, the epimorphisms from Z 12 onto Z 6 are f 1 and f 5 , where f (a)=a mod 6 for any a ∈ Z 12 , and f 1 ({±1; ±5})=f 5 ({±1; ±5})={1; 5} = {±1; ±2}.
Enumerating typical circulant double coverings
Let G = Cay(Z n ; Y ) be a connected circulant graph [16] . In order to enumerate the isomorphism classes of typical circulant double coverings of the circulant graph G, let us consider a short exact sequence 0 → Z 2 → Z 2n → Z n → 0 with an epimorphism f : Z 2n → Z n . Then f(1) := must be a generator of the cyclic group Z n , i.e., ( ; n) = 1. Denote by f the epimorphism f : Z 2n → Z n such that f(1) = . Then, for any a ∈ Z 2n , we have f (a) = a mod n. Therefore, the kernel of f is {0; n}. In the following, let K = {0; n}.
If Cay(Z 2n ; X ) is a typical covering graph of the graph G, then |X | must be even because if it is odd, then n ∈ X ∩ K. Therefore, |Y | is even, too. It gives the following lemma. From now on, let |X | = |Y | be even. Without any loss of generality, one can assume that Y = {±i 1 ; ±i 2 ; : : : ; ±i k } with 0 ¡ i 1 ; i 2 ; : : : ; i k ¡ (n + 1)=2 . Also, the connectivity of the graph G implies that (i 1 ; i 2 ; : : : ; i k ; n) = 1.
Lemma 4. Any typical covering f * : Cay(Z 2n ; X ) → Cay(Z n ; Y ) can be derived from an epimorphism f satisfying f(1) = 1. In other words, any typical covering f * : Cay(Z 2n ; X ) → Cay(Z n ; Y ) derived from the epimorphism f is isomorphic to a typical covering f 1 * : Cay(Z 2n ; X ) → Cay(Z n ; Y ) derived from the epimorphism f 1 .
Proof. Let f * : Cay(Z 2n ; X ) → Cay(Z n ; Y ) be any typical covering derived from an epimorphism f : Z 2n → Z n and let f(1) = . If is odd, ( ; 2n) = 1 because ( ; n) = 1. Deÿne (a) = a for any a ∈ Z 2n . Then, is an automorphism of the cyclic group Z 2n . Set X = (X ). Then, induces a graph isomorphism from Cay(Z 2n ; X ) to Cay(Z 2n ; X ). Let f 1 : Z 2n → Z n denote the epimorphism such that f 1 (1)=1, as before. Then, for any a ∈ Z 2n , we have f 1 (a)=f 1 ( a)= a=f(a), which implies f 1 =f. Furthermore, since f 1 (X )=f 1 (X )=f(X )=Y , X ∩{0; n}=∅ and f 1 (x) = f 1 (x ) for any x = x in X . Hence, the covering f * : Cay(Z 2n ; X ) → Cay(Z n ; Y ) is isomorphic to a covering f 1 * : Cay(Z 2n ; X ) → Cay(Z n ; Y ), which is also typical.
If is even, then n must be odd because ( ; n) = 1. Let = + n, then ( ; 2n) = 1. Deÿne : Z 2n → Z 2n by (a) = a for any a ∈ Z 2n . Then, is an automorphism of the cyclic group Z 2n . Set X = (X ). By repeating a parallel process as above, one can show that the covering f * : Cay(Z 2n ; X ) → Cay(Z n ; Y ) is isomorphic to a typical covering f 1 * : Cay(Z 2n ; X ) → Cay(Z n ; Y ).
Following Lemma 4, we assume that all typical coverings of a circulant graph G are derived from an epimorphism f such that f(1) = 1 in the rest of the paper.
To construct a double covering of G = Cay(Z n ; Y ) with Y = {±i 1 ; ±i 2 ; : : : ; ±i k } and 0 ¡ i 1 ; i 2 ; : : : ; i k ¡ (n + 1)=2 , deÿne a voltage assignment : D(G) → S 2 = {1; −1} as follows: For any ÿxed connector i ' (1 6 ' 6 k), deÿne (e) by either (say, of type (1))
for every edge e = (a; a + i ' ), a ∈ Z n , or (say, of type (2))
for every edge e = (a; a + i ' ), a ∈ Z n . Given any vertex a ∈ Z n = {0; 1; : : : ; n − 1}, the ÿbre of a consists of two elements: (a; 1) and (a; −1). Label the vertex (a; 1) as a and the vertex (a; −1) as a + n in Z 2n . Then, it can be seen that the derived graph G is circulant. In fact, 
It is clear that f : Z 2n → Z n maps the set X = {±j 1 ; ±j 2 ; : : : ; ±j k } to Y , X ∩ K = ∅ and f(x) = f(x ) for any x = x in X . So the derived graph G is a typical double covering of the graph G. Conversely, if Cay(Z 2n ; X ) is a typical double covering of G derived from the epimorphism f with X = {±j 1 ; ±j 2 ; : : : ; ±j k } and 1 6 j 6 n − 1 for each = 1; 2; : : : ; k. Then, f(X ) = {±i 1 ; ±i 2 ; : : : ; ±i k }. In fact,
for suitable reordering of the subscripts. Thus, the graph Cay(Z 2n ; X ) is isomorphic to the graph G , where is of type (1) on the edges determined by the connectors i ' for those i ' = j ' and is of type (2) on the edges determined by the connectors i ' for those i ' = n − j ' . So far, we have proved that a graph is a typical double covering of the circulant graph G = Cay(Z n ; {±i 1 ; ±i 2 ; : : : ; ±i k }) if and only if it is isomorphic to one of the derived graph G , where is a voltage assignment deÿned by Eq. (1) or (2) . Such a voltage assignment is called typical. This gives the proof of the ÿrst part of the following lemma. Proof. For the second statement, let : D(G) → S 2 be a typical voltage assignment. Then, (e) = (e −1 ) for any directed edge e ∈ D(G); which implies that can be identiÿed with a map deÿned on the edge set E(G). Furthermore, from the deÿnition of a typical voltage assignment, the voltages of the edges determined by any ÿxed connector i ' are completely determined by ({0; i ' }). Since ({0; i ' }) has two choices, 1 or −1 according to type (1) or type (2) , and there are k such connectors i ' , 1 6 ' 6 k, there exist 2 k typical voltage assignments in C 1 (G; S 2 ).
Kwak and Lee [15] obtained an algebraic characterization of two coverings of a graph G to be isomorphic. The following lemma is a special case of their characterization.
Lemma 6. Let and be typical voltage assignments in C 1 (G; S 2 ). Then, two typical circulant double coverings p : G → G and p : G → G are isomorphic if and only if there exists a function g :
Example 7. Consider a circulant graph G = Cay(Z 6 ; {±1; ±2}). It is a 4-regular circulant graph of order 6. We know that there are 2 2 = 4 typical circulant double coverings of G, which are illustrated in Fig. 1 , where the dark lines are determined by the connector ±1, and the dashed lines are determined by the connector ±2. The covering cov(i-j) is derived from the voltage (e) of type (i) for the edges determined by the connector ±1, and (e) of type (j) for the edges determined by the connector ±2. By using Lemma 6 with a function g deÿned by g(even number) = 1, g(odd number) = −1, coverings cov(1-1) and cov(2-1) are isomorphic. Similarly, coverings cov(1-2) and cov(2-2) are also isomorphic.
Let be a typical voltage assignment of G = Cay(Z n ; {±i 1 ; ±i 2 ; : : : ; ±i k }). To construct another typical covering of G, let˜ be the voltage assignment deÿned bỹ (e) = (e) if e is an edge determined by an even connector;
− (e) if e is an edge determined by an odd connector:
Clearly,˜ is also a typical voltage assignment in C 1 (G; S 2 ). Let n be even and deÿne
Then,˜ (uv) = g(u) (uv)g(v) for any uv ∈ E(G), and the two coverings p˜ and p are isomorphic by Lemma 6.
Lemma 8. Let G = Cay(Z n ; {±i 1 ; ±i 2 ; : : : ; ±i k }) be a circulant graph, and let and be any two typical voltage assignments in C 1 (G; S 2 ). Then, two coverings p and p are isomorphic if and only if (a) = when n is odd, and (b) = or˜ = when n is even, where˜ is obtained from by changing the sign of the voltages on all the edges determined by the odd connectors.
Proof. The su ciency is already shown. For the necessity, suppose that p and p are isomorphic, but = . Then, there exists an edge u 0 v 0 such that (u 0 v 0 ) = − (u 0 v 0 ). Let the edge u 0 v 0 be determined by a connector i . Then, for any other edge uv determined by the same connector i , it must be (uv) = − (uv) and g(u) = −g(v), using the notations in Lemma 6, because both and are typical.
Case 1: When n is odd. Every cycle of G determined by the connector i is of odd length (in fact, its length is n=(n; i )). If a sequence of vertices u 0 ; u 1 ; : : : ; u 2s ; u 0 is one of such cycles, then
. . .
in S 2 = {1; −1}; a contradiction. It implies that if n is odd and two typical double coverings p and p are isomorphic, then, = .
Case 2: When n is even. Suppose that the connector i is even. Note that the graph G has at least one odd connector because n is even and G is connected. Choose an odd connector i ÿ . Set p = i ÿ =(i ; i ÿ ) and q = i =(i ; i ÿ ). Then, p is odd and q is even because (i ; i ÿ ) is odd. Now we have a sequence of vertices in the graph G: 0; i ; 2i ; : : : ; (p − 1)i ; pi = qi ÿ ; (q − 1)i ÿ ; : : : ; 2i ÿ ; i ÿ ; 0: Therefore,
because p is odd, and
because q is even. Thus, g(0) = −g(0), a contradiction. Therefore, the connector i must be odd. Now, it is needed to show that (e) = − (e) for all edges e determined by any odd connector, so that =˜ . On the contrary, suppose that there exists an odd connector i such that (e)= (e) for an edge e determined by i . Set s =i =(i ; i ) and t =i =(i ; i ). Then, both s and t are odd numbers. For a sequence of vertices 0; i ; 2i ; : : : ; ti = si ; (s − 1)i ; : : : ; i ; 0; we have
Lemma 9. Let G = Cay(Z n ; {±i 1 ; ±i 2 ; : : : ; ±i k }) be a connected circulant graph. Proof. LetG = Cay(Z 2n ; {±j 1 ; ±j 2 ; : : : ; ±j k }) be a typical circulant double covering of G and let = (2n; j 1 ; j 2 ; : : : ; j k ).
(a) Let n be even. Since G is connected, (i 1 ; i 2 ; : : : ; i k ; n)=1 and at least one connector of i 1 ; i 2 ; : : : ; i k is odd, say i . Since j = i or n − i , j is odd, and then is odd. From |2n and |j ' for all 1 6 ' 6 k, we have |n and |i ' for all 1 6 ' 6 k. It implies that = 1 andG is connected.
(b) Let n be odd. For a typical voltage assignment deÿned to be of type (1) for the edges determined by the even connectors and to be of type (2) for those determined by the odd connectors, the covering graph is G = Cay(Z 2n ; {±r 1 ; ±r 2 ; : : : ; ±r k });
Hence, all r ' 's are even and G is disconnected. Conversely, letG be a disconnected typical circulant double covering of G. If is odd, as in case (a), one can prove that = 1, a contradiction. Consequently, is even, and then every j ' (1 6 ' 6 k) must be even, i.e., j ' = i ' if i ' is even, and j ' = n − i ' if i ' is odd. Therefore,G is just the covering graph G constructed above. Now, by Lemmas 3, 5, 8 and 9, we have Theorem 10. Let G be a connected circulant graph of order n. If the valency of G is odd, there is no typical circulant double covering of G. If the valency of G is even, say 2k, then, the number of isomorphism classes of typical circulant connected double coverings of G is 2 k − 1 if n is odd, and 2 k−1 if n is even.
No circulant double coverings of valency 3 exist
In this last section, we aim to prove the following theorem.
Theorem 11. No circulant graph of valency 3 can be a double covering of a simple graph. In particular, no circulant graph of valency 3 has any circulant double covering.
To prove Theorem 11 by a contradiction, let G be a simple graph of valency 3. Suppose that there exists a circulant connected double coveringG of the graph G. Then, the group S 2 acts regularly on each ÿbre. For any vertex a ∈ V (G), let a denote the other vertex ofG; which is in the same ÿbre as vertex a, and let U = { x | x ∈ U } for a vertex set U . The next lemma is clear from the structure of a covering graph.
Lemma 12. For any vertex a ∈ V (G), a = a, N ( a) = N (a), and the distance d( a; a) between a and a is greater than 2 for any a ∈ V (G).
Let |V (G)| = n. Then, n must be even because the valency of G is odd. On the other hand, since the graphG is circulant of order 2n and valency 3; n must be a connector ofG. LetG = Cay(Z 2n ; {±i; n}), where 0 ¡ i ¡ n and (i; n) = 1. For any a ∈ V (G), we have N (a) = {a + i; a − i; a + n} and N ( a) = { a + i; a − i; a + n}:
By Lemma 12, it follows {a + i; a − i; a + n} = { a + i; a − i; a + n}:
It is clear that N (a + i) = {a; a + 2i; a + n + i}; N (a − i) = {a; a − 2i; a + n − i}; N (a + n) = {a; a + n + i; a + n − i} in the covering graphG.
Lemma 13. For any vertex a inG = Cay(Z 2n ; {±i; n}), we have
Proof. (a) For the connector i, ÿrst suppose that 2i = −2i in Z 2n . Then, 2i = n because 2i = 0. Now, the condition (i; n)=1 implies that n=2, i=1 andG=Cay(Z 4 ; {1; 2; 3})= K 4 , the complete graph of order 4. But the complete graph K 4 cannot be a double covering of a simple graph.
Secondly, suppose that 2i = n − i in Z 2n . Then, n = 3 because 0 ¡ i ¡ n and (i; n) = 1 contradicts the fact that n is even.
In summary, we get 2i = −2i and 2i = n − i in Z 2n . Now, it follows that N (a + i) ∩ N (a − i) = {a} and N (a + i) ∩ N (a − i) = { a}:
(b) First, we prove that a + n = a + n, by using N (a) = N ( a). It is clear that |N (a±i)∩N (a+n)|=2. Now suppose that a + n= a+i. Then, {a + i; a − i}={ a+n; a−i}, which implies that |N (a + i) ∩ N (a − i)| = |N ( a + n) ∩ N ( a − i)| = 2, a contradiction of (a). So a + n = a + i. Similarly, one can prove that a + n = a − i. Therefore, we must have a + n = a + n and then {a + i; a − i} = { a + i; a − i}.
Suppose that a + i = a − i. Then, a − i = a + i. From { a; a + 2i; a + n + i} = N (a + i) = N ( a − i) = { a; a − 2i; a + n − i} and a + n + i = a + i + n = a + n − i;
we have a + 2i = a − 2i. Similarly, one can show that a − 2i = a + 2i. Continuing this process, one can prove that for any integer , a + i = a − i. Let a − a = p a i or n + p a i for an integer p a . Set = p a =2 , then d(a + i; a + i) 6 2, which is impossible by Lemma 12. Therefore, a + i = a + i, and then a − i = a − i.
To return to the proof of Theorem 11, let 0 = p 0 i + q 0 n in Z 2n . By using Lemma 13(b) repeatedly, one can get 0 = 0 = p 0 i + q 0 n = 0 + p 0 i + q 0 n = 2 · 0:
Since 0 = 0, we have 0 = n and the distance between 0 and 0 is 1, which is impossible by Lemma 12. It completes the proof of Theorem 11.
It seems that it is more complicated to enumerate the isomorphism classes of circulant double coverings of a circulant graph of higher valency, or of circulant '-fold coverings of a circulant graph for ' ¿ 3. Some of these enumerations will appear in our future studies.
